Rules for integrands of the form (c +dx)™ (a+bTan[e + fx])"

1. J(c+dx)'“ (bTan[e + fx])"dx

1: J(c+dx)'“Tan[e+fx] dx when me z*

Derivation: Algebraic expansion

. . . 21 . : 21
Basis: Tan[z] =i - 21~ = _j 4 24e”*

1+e2iz 1ie 21z

Rule: If m e z*, then

dx

N i (c+dx)™? C r(c+dx)me?t e+
J(c+dx) Tan[e+-Fx] dx — ——ZJJ.J

d(m+1) 21 (e+fx)

l+e

i(C dxm+1 c+dx)m -21i (e+fx)
J(c+dx)“‘Tan[e+-Fx] dx — I Gl Z'J( rdx) e

+21 dx
d(m+1)

14 @21 (e+fx)

Program code:

Int[(c_.+d_.#x_)"m_.«tan[e_.+k_.«Pi+f_.xComplex[@,fz_]*x_],x_Symbol] :=
~Ix (Cc+dxx)~(m+1) / (dx (m+1)) + 2*I*Int[ (c+dxx) *mxE~ (-Z*I*k*Pi) *E~ (2* (—I*e+'F*'Fz*x) )/(1+E" (-Z*I*k*Pi) *E~ (2* (—I*e+'F*'Fz*x) ) ) ,x] /3
FreeQ[{c,d,e,f,fz},x] & IntegerQ[4+k] & IGtQ[m,0]

Int [ (c_.+d_.xx_)" m_.xtan [e_. +k_.%Pi+f_. *x_] ,x_Symbol] =
Ix(c+dxx)”(m+1) / (dx (m+1)) - 2xIxInt [ (c+d*x) “mxE~ (Z*I*k*Pi) *EA (Z*I* (e+'F*X) )/(1+E" (Z*I*k*Pi) *EN (Z*I* (e+'F*X) ) ) ,X] /3
FreeQ[{c,d,e,f},x] & IntegerQ[4xk] & IGtQ[m,O]

Int[(c_.+d_.#x_)"m_.«tan[e_.+f_.xComplex[@,fz_]+x_],x_Symbol] :=
—-Ix (c+dxx)”(m+1) / (d* (m+1)) + 2*I*Int[(c+d*x)"m*E"(2*(—I*e+f*-Fz*x))/(1+E"(2*(—I*e+f*f2*x))),x] /3
FreeQ[{c,d,e,f,fz},x] & IGtQ[m,0]

Int[(c_.+d_.#x_)"m_.+tan[e_.+f_.»x_],x_Symbol] :=
Ix (c+dxx)”(m+1) / (d* (m+1)) - 2*I*Int[(c+d*x) "m*E"(z*I* (e+f*x) )/(1+E"(2*I* (e+'F*X) ) ) ,X] /3
FreeQ[{c,d,e,f},x]| && IGtQ[m,0]



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

2: J(c+dx)'" (bTan[e+fx])"dx whenn>1 A m>0

Derivation: Following rule inverted

Rule:1f n >1 A m> 9, then

j(c+dx)'“ (bTan[e+fx])"dx —

b(c+dx)"‘(bTan[e+-Fx])"'1 bdm

_ J-(q;»,dx)'"‘1 (bTan[e+fx])"'1dlx—sz(c+dx)” (bTan[e + fx])"*ax
f(n-1) f(n-1)

Program code:

Int[(c_.+d_.#x_)"m_.+(b_.«tan[e_.+f_.+x_])~n_,x_Symbol] :=
b* (C+d*Xx) *m* (b*Tan [e+f*x] ) 2 (n—1)/(f* (n-1) ) -
bxdsm/ (£ (n-1) ) xInt[ (c+d#x) A (m-1) « (bxTan[e+fxx])~ (n-1),x] -
b 2+Int[ (c+dxx) *mx (bxTan[e+fxx])~(n-2),x] /;
FreeQ[{b,c,d,e,f},x] & GtQ[n,1] && GtQ[m,0]

3: J(c+dx)'“ (bTan[e+fx])"dx whenn<-1 Am>0

Derivation: Algebraic expansion and integration by parts

Basis: (bTan[z])" = Sec[z]? (bTan[z])" - le_arL[zAD"_ﬂ

. . 5 n __ 5 (bTanfe+fx])™®
Basis: sece + fx]? (bTan[e+fx])" = o Lalnloetx

Rule:lf n < -1 A m > 0, then

j(c+dx)'“ (bTan[e+fx])"dx —

J(c+dx)'“5ec[e+fx]z (bTan[e+fx])"dx- %J(c+dx)’" (bTan[e+-Fx])"+2d1x —



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

(c+dx)“‘(bTan[e+-Fx])n+1 dm

bf D) " ) J‘(c+dx)’“‘1 (bTan[e+-Fx])"+1d1x— %J.(c+dx)’“ (bTan[e+-Fx])"+2d1x

Program code:

Int[(c_.+d_.#x_)"m_.*(b_.*tan[e_.+f_.xx_])~n_,x_Symbol] :=
(C+d*Xx) “mx (b*Tan [e+f*x] ) 2 (n+1)/(b*f* (n+1) ) -
dxm/ (bxfx (n+1) ) xInt[ (c+d#x) A (m-1) # (bxTan[e+fxx])~ (n+1),x] -
1/b"2xInt[ (c+d+x) *mx (bxTan[e+fxx])~(n+2),x] /;
FreeQ[{b,c,d,e,f},x]| && LtQ[n,-1] && GtQ[m,0]

2: j(c+dx)“‘ (a+bTan[e+fx])"dx when (m|n) ez*

Derivation: Algebraic expansion
Rule:If (m | n) € z*,then

j(c+dx)'“ (a+bTan[e+fx])"dx — J(c+dx)'“ExpandIntegrand[(a+bTan[e+-Fx])", x] dx

Program code:

Int[(c_.+d_.#x_) m_.*(a_+b_.+tan[e_.+f_.xx_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [ (c+dxx)~m, (a+bxTan[e+fxx])*n,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[m,0] & IGtQ[n,O]

3. j(c+dx)'“ (a+bTan[e+fx])"dx when a®>+b?==0 A nez"

c+dx)"
1. J\#d}x when a? + b? = @
a+bTan[e+-Fx]



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

(c+dx)"
1: J- dx when a2 +b%2=0 A m>0
a+bTan[e+fx]

Derivation: Algebraic expansion and integration by parts

2 11 aSec[z]?
Basis: If a* + b® == @, then bTan[ ] 2a 3 (a+bTan[z])?
. . Sec[e+f x]2 o 1
Basis: (atbTan[e+fx])2 Ox bf (a+bTan[e+fx])

Rule: If a2 + b2 ==0 A m > 0, then
(c+dx)" (c +dx)m™? (c+dx)"sec[e+fx]?
JA—————————————- X — ——— + _.f X
a+bTan[e+fx] 2ad (m+1) 2 (a+bTan[e+1‘:x])2
(¢ +dx)m™? a(c+dx)" adm (c+dx)m™?
— - + J dx
2ad(m+1) 2bf(a+bTan[e+fx]) 2bfJa+bTan[e+fx]

Program code:

Int[(c_.+d_.+x_)"m_./(a_+b_.stan[e_.+f_.xx_]),x_Symbol] :=
(c+dxx) A (m+1) / (2xa*d* (m+1)) -
ax (c+dxx) "m/(Z*b*'F* (a+b*Tan [e+f*x] ) ) +
a*d*m/(z*b*f)*Int[(c+d*x)A(m—1)/(a+b*Tan[e+f*x]),x] /5
FreeQ[{a,b,c,d,e,f},x] && EqQ[a"2+b"2,0] && GtQ[m,0]



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

(c+dx)"
2. J—dlx when a2 +b2:==0 A m< -1
a+bTan[e+fx]

1
1: J dx when a2 +b%==0
(c+dx)? (a+bTan[e+fXx])

Derivation: Integration by parts and algebraic expansion

oo 1 o 1
Basis: (c+dx)2 Ox d (c+d x)
Basis: If a2 + b? -- 0, then Oy 1 __ fCos[2e+2fx]  fSin[2e+2fX]

a+b Tan[e+f x] b a
Rule: If a2 + b? == 9, then
1 1 f (Cos[2e+2fx| f (Sin[2e+2fx]
j dx — - +—j—dlx——J.—dlx
(c+dx)? (a+bTan[e+fx]) d(c+dx) (a+bTan[e+fx]) bd c+dx ad c+dx

Program code:

Int [1/( (C_.+d_.*x_)"2% (a_+b_. xtan [e_. +'F_.*x_] ) ) ,x_Symbol] =
—1/ (d* (c+d*xX) * (a+b*Tan [e+-F*x] ) ) +
'F/(b*d) *Int [COS [2*e+2*f*x]/(c+d*x) ,x] -
f/(a*d) *Int [Sin [2*e+2*f*x]/(c+d*x) ,x] 78
FreeQ[{a,b,c,d,e,f},x] && EqQ[a"2+b"2,0]

(c+dx)"
2: J—dlx when a2 +b?2=0 A m<-1 A m#-2
a+bTan[e+fx]

Derivation: Previous rule inverted

Rule:If a2+ b2 =0 Am< -1 A m+ -2,then



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

dx

+

(c+dx)™ 4 f (c+dx)™? (c+dx)m™? 2bf (c +dx)m™?
——— dx — +
Ja+bTan[e+fx] bd? (m+1) (m+2) d (m+1) (a+bTan[e+fx]) ad(m+1)J

a+bTan[e+-Fx]

Program code:

Int[(c_.+d_.#x_)*m_/(a_+b_.xtan[e_.+f_.+x_]),x_Symbol] :=
fx (c+dxx) A (m+2) / (bxd”2x (M+1) » (M+2)) +
(c+d*x)A(m+1)/(d*(m+1)*(a+b*Tan[e+f*x])) +
2*b*'F/(a*d* (m+1)) *Int [ (c+d*x)” (m+1)/(a+b*Tan [e+'F*x] ) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[a"2+b"2,0] && LtQ[m,-1] & NeQ[m,-2]

(c+dx)"
X: J—dlx when a2 +b?==0 A m< -1
a+bTan[e+fx]

Derivation: Previous rule inverted

Note: Although this rule unifies the above two rules, it requires an additional step and whenm- -2 it generates two log
terms that cancel out.

Rule: If a2 + b2 == 0 A m < -1, then

(c+dx)™ (¢ +dx)m™? f . 2bf (¢ +dx)m™?
J— dx — + J(c+dx)’"* dx + J dx
a+bTan[e+ fx] d(m+1) (a+bTan[e+fx]) bd(m+1) ad(m+1) Ja+bTan[e+fx|

Program code:

(*» Int[(c_.+d_.#x_)"m_/(a_+b_.«tan[e_.+f_.+x_]),x_Symbol] :=
(c+dxx) (m+1)/(d* (m+1) » (a+b*Tan [e+f*x] ) ) +
-F/(b*d* (m+1) ) *Int[ (c+d*x)~ (m+1) ,x] +
2*b*'F/(a*d* (m+1) ) *Int [ (c+dxx) (m+1)/(a+b*Tan [e+f*x] ) ,X] /5
FreeQ[{a,b,c,d,e,f},x] && EqQ[a"2+b"2,0] && LtQ[m,-1] *)



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

1
3: J- dx when a2 +b%==0
(c+dx) (a+bTan[e+fx])

Derivation: Algebraic expansion

tee 2 2 __ 1 1 Cos[227] Sin[2 7]
Basis: If a< + b = 0, then abTeniz] 237 22t 26

Rule: If a2 + b? == 9, then

J~ 1 4 Log[c +dx] +iJ-Cos[ze+21°x] dlX+ij-sin[2e+21:x] ix
(c+dx) (

X —
c+dx 2b

a+bTan[e+fx]) 2ad 2a c+dx

Program code:

Int [1/( (c_.+d_.*x_)=* (a_+b_.*tan [e_. +'F_.*x_] ) ) ,x_Symbol] g=
Log[c+dxx] / (2*xaxd) +
1/ (2+a) *Int [COS [2*e+2*f*x]/(c+d*x) ,X] +
1/ (2xb) xInt [Sin [2*e+2*f*x]/(c+d*x) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[a"2+b"2,0]



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

(c+dx)"
4: J dx when a2 +b%2=0 A m¢zZ
a+bTan[e+fx]

Derivation: Algebraic expansion

2az

e 1f A2 L h2 1 1 ev
Basis: If a + b* == 9, then 2bTeni] ~ 35t 2a

Rule: If a2 +b% ==0 A m ¢ Z, then

+— | (c+dx)"e® dx

J (c+dx)™ dx —s (c+dx)m™? 1 2 (e+fx)
a+bTan[e+fx] 2ad (m+1) 2a

Program code:

Int[(c_.+d_.+x_)m_/(a_+b_.xtan[e_.+f_.#x_]),x_Symbol] :=
(c+d*x) A (m+1) / (2%xaxd* (m+1) ) +
1/ (2%a) »Int[ (c+dxx) *m+E” (2%a/bx (e+fxx)),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[a~2+b"2,0] && Not[IntegerQ[m]]



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

2: J(c+dx)'" (a+bTan[e+fx])"dx when a?+b?==0 A (m|n) ez"

Derivation: Algebraic expansion

. 2 2 __ 1 1 Cos[227] Sin[2z]
Basis: If a< + b® == 9, then abTaniz] = 23 F 2a o t T ab

Rule:1f a2 + b2 ==0 A (m | n) € Z,then

1 Cos[2e+2fx] Sin[2e+2fx] -n
J(c+dx)"‘ (a+bTan[e+-Fx])"dlx — J(c+dx)'“ExpandIntegr‘and[ 2—+ 5 + -
a a

,x] dx

Program code:

Int[(c_.+d_.#x_)"m_x(a_+b_.»tan[e_.+f_.*x_])~n_,x_Symbol] :=
Int [ExpandIntegrand[ (c+dxx)~m, (1/ (2xa) +Cos [2xe+2xfxx]/(2+a) +Sin[2xe+24Fxx]/(2+b) )~ (-n) ,x],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[a~2+b"2,0] && ILtQ[m,0] && ILtQ[n,0]



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

3: J(c+dx)'" (a+bTan[e+fx])"dx when a®>+b? =0 A nez"

Derivation: Algebraic expansion

2az

e 2 2 __ 1 -1 _e-
Basis: If a + b == @, then abTaniz] ~ 22" 2a

Rule: If a2 +b%2==0 A n ez ,then

1
J(c+dx)'“ (a+bTan[e+-Fx])"dlx — J(c+dx)'"ExpandIntegrand[[—
2a

Program code:

Int[(c_.+d_.#x_)"m_x(a_+b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=

Int [ExpandIntegrand[ (c+dxx)~m, (1/ (2xa) +E” (2+a/bx (e+fxx))/(2%a) )~ (-n),x],x] /;

FreeQ[{a,b,c,d,e,f,m},x] & EqQ[a"2+b"2,0] && ILtQ[n,O]

+

e

zTa (e+f x)

2a

]  ax

10



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

4: J(c+dx)'" (a+bTan[e+fx])"dx whena?+b? =@ An+1ez Am>0

Derivation: Integration by parts

Note: If a2 +b? =0 A n e Z*,thenj(a +bTan[e + fx])"dxisamonomialin x plus terms of the form
g(a+bTan[e+-Fx])kWherensk<o.

Rule:if a2 +b%?==0 An+1ecz A m>0,letu:f(a+bTan[e+fx])”d1x,then

j(c+dx)’“ (a+bTan[e+fx])"dx — u (c+dx)'"—dmju (c+dx)™dx

Program code:

Int[(c_.+d_.#x_)"m_.*(a_+b_.«tan[e_.+f_.*x_])~n_,x_Symbol] :=
With[{u=IntHide[ (a+bxTan[e+fxx])"n,x]},
Dist[(c+dsx)”m,u,x] - dsmxInt[Dist[(c+dxx)"(m-1),u,x],x]] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[a"2+b"2,0] && ILtQ[n,-1] && GtQ[m,0]

11



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

4, J(c+dx)"‘ (a+bTan[e+fx])"dx when a?>+b?#@8 Anez A mez*

(c+dx)"
1: J dx when a2 +b2#0 A mez*
a+bTan[e+-Fx]

Derivation: Algebraic expansion

HP. 1 L 1 2ibe?iz
Basis: a+tbTan[z] ~ a+ib N (a+1 b)2+<a2+b2> e?iz

Rule:If a2 +b%? + @ A me Z*, then

J(“dx)m (c+dx)™? 210 [ (c+dx)"e2d (erF 0
- g +21

dx
a+bTan[e+ fx] d(m+1) (a+ib) (a+ib)?+ (a%+b?) e (e+F0

Program code:

Int[(c_.+d_.#x_)"m_./(a_+b_.xtan[e_.+k_.#Pi+f_.+x_]),x_Symbol] :=
(c+dxx)~ (m+1) / (dx (m+1) » (a+Ixb)) +
2*I*b*Int[(c+d*x)Am*EA(2*I*k*Pi)*EASimp[Z*I*(e+f*x),x]/((a+I*b)A2+(a“2+b“2)*EA(Z*I*k*Pi)*EASimp[z*I*(e+f*x),x]),x] /3
FreeQ[{a,b,c,d,e,f},x] && IntegerQ[4xk] && NeQ[a"2+b"2,0] && IGtQ[m,0]

Int[(c_.+d_.+x_)"m_./(a_+b_.stan[e_.+f_.xx_]),x_Symbol] :=

(c+dxx) A (m+1) / (dx (m+1)  (a+Ixb)) +

2xIxbxInt [ (c+dxXx) “mxE~Simp [2*1* (e+‘F*X) ,X]/( (a+Ixb) "2+ (a”2+b"2) *E"Simp[z*I* (e+'F*X) ,X] ) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[a"2+b"2,0] && IGtQ[m,O]



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

c+dx
2: J dx when a2 +b%2 #0
(a+bTan[e+1:x])2

Rule: If a2 + b% + 0, then

dx — - -

c+dx (c+dx)? b (c+dx) 1 bd+2acf+2adfx
+
J~(a+bTan[e+1=x])2 2d (a?+b?) f (a®+b?) (a+bTan[e+fx]) -F(a2+b2)J

a+bTan[e + fx]

Program code:

Int[(c_.+d_.#x_)/(a_+b_.+tan[e_.+f_.xx_])~2,x_Symbol] :=
- (c+d*Xx) "2/ (2xd* (a”2+b"2)) -
b*(c+d*x)/(f*(a“2+bA2)*(a+b*Tan[e+f*x])) +
1/('F* (a”2+b”2) ) *Int [ (b*d+2*a*c*f+2*a*d*f*x)/(a+b*Tan [e+'F*X] ) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[a"2+b"2,0]

dx

13



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

3: J(c+dx)'" (a+bTan[e+fx])"dx when a®>+b?>#@0 A nez" A mez*

Derivation: Algebraic expansion

. 1 1 2ib
Basis: a+bTan[z] = a-ib aZ+b?+ (a-ib)2 21z

HP. 1 o 1 21b
Basis: a+bCot[z] —~ a+ib * a?+b%- (a+ib)2e?i?

Rule:If a2 +b%?+@ A neZ A mez*,then

2ib

1
j(c+dx)'“ (a+bTan[e+fx])"dx — f(c +dx)'“ExpandIntegrand[[ -
a-ib aZib?+ (a-ib)?eli (erfX)

Program code:

Int[(c_.+d_.#x_)"m_.*(a_+b_.xtan[e_.+f_.xx_])~n_,x_Symbol] :=
Int [ExpandIntegrand[ (c+dx)~m, (1/ (a-Ixb)-2xIxb/(a"2+b"2+ (a-Ixb)"2«E~ (2+Ix (e+fxx))))~(-n),x],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[a"2+b"2,0] && ILtQ[n,0] && IGtQ[m,0]

5. j(c+dx) \/a+bTan[e+-Fx] dx

1: j(c+dx) \/a+bTan[e+fx] dx when a2 +b% =0

Derivation: Integration by parts

\/? bArcTanh[ a+bT2an[e+fx] }

a
Va f

Basis: If a2 + b2 == ©,then+/a + bTan[e + fx] = -9y

Rule: If a2 + b? == 9, then

]_n, x] dx

14



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

V2 b (c+dx) ArcTanh[@

VT Va ] . V2 bd

J(c+dx) \/a+bTan[e+-Fx] dx — -
Va f Va f

Program code:

Int[(c_.+d_.#x_)#Sqrt[a_+b_.xtan[e_.+f_.»x_]],x_Symbol] :=
-Sqrt[2] xbx (c+dx) xArcTanh [Sqrt [a+bsTan[e+fxx]]/(Sart[2] *Rt[a,2]) | /(Rt[a,2] f) +
Sqrt[2] xbxd/(Rt[a,2] +f) «xInt[ArcTanh[Sqrt[a+bxTan[e+f+x]]/(Sqrt[2]+Rt[a,2])],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[a~2+b"2,0]

JAr‘cTanh[

\/a+bTan[e+-Fx]

VT Ve

]dlx

15



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

2: J(c+dx) \/a+bTan[e+fx] dx when a? +b% 0

Derivation: Integration by parts

_i+a-ib o, ArcTanh { VaibTan[e+fx] | , ivarib o, ArcTanh v/a+b Tan[e+f x]
f f \a+ib

Basis:\/a+bTan[e+fx] = e
a-1

Rule: If a2 + b? # 0, then

v[\(c+dx) '\/a+bTan[e+fx] dx —

'\/a+bTan[e+-Fx] ]

iVa-ib (c+dx) \/a+bTan[e+fx] iVa+ib (c+dx)
- Ar'cTanh[ ]+ ArcTanh[

f Va-ib f Va+ib
idva-1ib \/a+bTan[e+fx] idvVa+1ib \/a+bTan[e+-Fx]
_— Ar‘cTanh[ ]dlx- Ar‘cTanh[ ]dlx

f Va-ib f Va+ib

Program code:

Int[(c_.+d_.#x_)*Sqrt[a_.+b_.«tan[e_.+f_.xx_]],x_Symbol] :=
-I+Rt[a-Ixb,2] (c+d+X) /f+ArcTanh[Sqrt[a+bsTan[e+fxx]]/Rt[a-Ixb,2]] +
IxRt[a+Ixb,2] % (c+dxXx) /-F*Ar'cTanh [Sqr't [a+b*Tan [e+f*x] ]/Rt [a+Ixb,2] ] +
Ixd+Rt[a-Ixb,2]/f+Int[ArcTanh[Sqrt[a+bsTan[e+f+x]]/Rt[a-Ixb,2]],x] -
Ixd+Rt[a+Ixb,2]/f+Int[ArcTanh[Sqrt[a+bsTan[e+f+x]]/Rt[a+Ixb,2]],x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[a"2+b"2,0]



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

c+dx
6. dx

'\/a+bTan[e+-Fx]

c+dx
1: dx when a2 +b%2==0

\/a+bTan[e+fx]

Derivation: Algebraic expansion

. 2
Basis: If az 4 bz . @’ then c+d x . (c+d x) Va+bTan[z] I (c+d x) Sec[zB]/2
va+bTan[z] 2a 2 (a+bTan([z])

Rule: If a2 + b? == 9, then

c+dx

a J-(c+dx) Sec[e+1=x]2

dlx—»ij(c+dx)'\/a+bTan[e+-Fx] dx + — =
'\/a+bTan[e+fx] 2a 2J (a+bTan[e+fx])

Program code:

Int[(c_.+d_.#x_)/Sqrt[a_+b_.xtan[e_.+f_.+x_]],x_Symbol] :=
1/ (2+a) »Int [ (c+d*x) *Sqrt [a+b*Tan [e+'F*x] ] ,x] +
a/2xInt[ (c+dxx) +Sec[e+fxx] 2/ (a+bsTan[e+fxx])~(3/2),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[a*2+b"2,0]

c+dx
2: dx when a2 +b%2 #0

'\/a+bTan[e+-Fx]

Derivation: Integration by parts

Basis: 1 - _—31 3, ArcTanh VatbTan[e+fx] | , i o ArcTanh v/a+bTan[e+f x]
a+b Tan [e+f x] f/asib X Ja-ib f/azib Ja+ib

Rule: If a2 + b% # 0, then



Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

c+dx

dx

\/a+bTan[e+fx]

—

(i (c+dx) ArCTanh[\/a+bTan[e+fx] ]+j_(c+dx) ArCTanh[\/a+bTan[e+fX] ]+

i d bT f i d bT f
— Ar‘cTanh[\/a+ an[e+ x] ]dlx— = Ar‘cTanh[\/a+ an[e+ x]
fVa-ib Va-ib fVa+ib Va+ib

Program code:

Int[(c_.+d_.#x_)/Sqrt[a_.+b_.stan[e_.+f_.xx_]],x_Symbol] :=
-Ix (c+d+x) /(f*Rt[a-Ixb,2]) *ArcTanh[Sqrt[a+bsTan[e+f+x]]/Rt[a-Ixb,2]] +
I*(c+d*x)/(f*Rt[a+I*b,2])*ArcTanh[Sqrt[a+b*Tan[e+f*x]]/Rt[a+I*b,2]] +
I+d/(f*Rt[a-Ixb,2])«Int[ArcTanh[Sqrt[a+bxTan[e+fsx]]/Rt[a-Ixb,2]],x] -
I+d/(f*Rt[a+Ixb,2])+Int[ArcTanh[Sqrt[a+bsTan[e+fsx]]/Rt[a+I+b,2]1],x] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[a*2+b"2,0]

]dlx
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Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

X: f(c+dx)'“ (a+bTan[e+fx])"dx

Basis: Tanfe + fx] = -Cot[e- Z + fx]
BaSBZTmﬂe+fx]==iTmm[—ﬁe—ifx]
Basis: Tan[e + fx] == i Coth|[-i (e- f) - i fx]

Rule:

J}c+dmm(a+bmnh+fx”"dx-a J}c+dxﬂ(a+bTmﬂe+fx”"dx

Program code:

Int[(c_.+d_.#x_)"m_.«tan[e_.+f_.»x_]"n_.,x_Symbol] :=
If[MatchQ[f,f1_.«Complex[0,j_]],
If [MatchQ[e,el_.+Pi/2],
IAn*Unintegrable[(c+d*x)Am*Coth[—I*(e—Pi/z)—I*f*x]An,x],
I*nxUnintegrable | (c+d+x) “mxTanh[-Ixe-Ixfxx]|"n,x]],
If[MatchQ[e,el_.+Pi/2],
(-1) “n+Unintegrable[ (c+d+x) "mxCot [e-Pi/2+fxx]"n,x],
Unintegrable[ (c+d+x) *mxTan[e+fsx]*n,x]]] /;
FreeQ[{c,d,e,f,m,n},x] && IntegerQ[n]

Int[(c_.+d_.#x_)"m_.*(a_.+b_.+tan[e_.+f_.xx_])~n_.,x_Symbol] :=
Unintegrable[ (c+dxx) “m« (a+bxTan[e+fxx])~n,x]| /;
FreeQ[{a,b,c,d,e,f,m,n},x]
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Rules for integrands of the form (c+d x)~m (a+b tan(e+f x))™n

N: Ju'“ (a+bTan[v])"dx whenu=c+dx A v=e+fx

Derivation: Algebraic normalization

Rule:lf u==c+dx A v =-=e+fXx,then

Jh”(a+bTanD4)"dx —»~f(c+dx)m(a+bTan[e+fx])"dx

Program code:

Int[u_"m_.x(a_.+b_.xTan[v_])"n_.,x_Symbol] :=
Int [ExpandToSum[u,x]*m* (a+bxTan[ExpandToSum[v,x]])"n,x] /;
FreeQ[{a,b,m,n},x] & LinearQ[{u,Vv},x] & Not[LinearMatchQ[{u,v},x]]

Int[u_"m_.*(a_.+b_.*Cot[v_])”"n_.,x_Symbol] :=
Int [ExpandToSum[u,x] m* (a+bxCot [ExpandToSum[v,x]])"n,x] /;
FreeQ[{a,b,m,n},x] & LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]
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